Abstract. In this paper, we study the problem of normal families of meromorphic functions that share holomorphic functions with their linear differential polynomials. Meanwhile, some results about normal family are derived which improve and generalize sev- 
From Theorem C, some questions are proposed as follows.
Question 1. Can the values a, b, c and d be weakened to holomorphic functions ?
Question 2. Can f ′ be extended to a linear differential polynomial in f ?
In the following, we use the notation
for a linear differential polynomial in f , where a 0 , a 1 are two holomorphic functions with a 0 (z) = 0.
In the paper, by considering the above questions, we obtain a result as follows, which is an improvement of the precious theorems. 
Suppose that a 0 = 1 and a 1 = 0 in (1.1), we find that the condition (2) coincides with (3) in Theorem 1.1, and both of them reduce to b(z) = c ′ (z). So, the following corollary is an immediately consequence of Theorem 1. (1) a(z) = c(z); (2) in Corollary 1.2. Now, we state the example here.
Clearly, if f ∈ F , f and f ′ vanish only at 0, also f = 1. Thus, we have
Remark 3. For families of holomorphic functions, Theorem 1.1 still valid if the condition (2) is deleted. The proofs of our results have roots in [2] .
The lemma
To prove our result, we need the following lemma, which is essential to our proofs.
Lemma 2.1 ([7]). Let F be a family of functions meromorphic in the unit disc ∆, all of whose zeros have multiplicity at least k, and suppose that there exists
locally uniformly, where g is a non-constant meromorphic function in C, all of whose zeros have multiplicity at least
In particular, g has order at most two.
Proof of the Theorem 1.1
Since normality is a local property, we assume that D = ∆, the unit disc. Set G = {F :
and the assumption, we can easily deduce
FENG LÜ Suppose that F is not normal at z 0 ∈ ∆. We have A = max z∈D 1 {|φ(z)|}, where r > 0 is a constant and
}, we have
Obviously, G is not normal at z 0 as well. Then, by Lemma 1, we can find a sequence of functions F n ∈ G , a sequence of complex numbers z n → z 0 and a sequence of positive numbers ρ n → 0, such that
converges locally uniformly in C, where g is a non-constant meromorphic function, which
In the following, we claim that = 0 is a constant.
We prove the claim as follows.
By (3.1), we have
Suppose that g (η 0 ) = 0. Note that g = 0, by Hurwitz's theorem and (3.1), there exists a sequence η n → η 0 such that (for n large enough)
which implies (I).
With (3.3), we deduce 
which is a contradiction.
Then, by Hurwitz's theorem and (3.4), there exists a sequence θ n → θ 0 , such that (for n sufficiently large)
From the assumption, we have f n (z n + ρ n θ n ) = a(z n + ρ n θ n ). Then, by (3.1) and a(z) = c(z),
a contradiction. Thus, we prove (II). Now, we prove (III). Suppose that g (ξ 0 ) = ∞. Since g = ∞, there exists a closed disc K = {ξ : |ξ − ξ 0 | ≤ δ} on which 1/g and 1/g n are holomorphic (for n large enough) and 1/g n → 1/g uniformly. From a(z) = c(z), we deduce 
It is not difficult from (3.6) to deduce
Thus, we have
Observing that the form of L[ f ], we derive
For j = 1, 2 · · · , m, we have H n (ξ n, j ) = 0 and
uniformly on K . Combining (3.10), Hurwitz's theorem and H n (ξ n, j ) = 0 ( j = 1, 2 · · · , m) yields that ξ 0 is a zero of ( Thus, we prove (III).
Hence, we finish the proof of the claim.
It follows from (III) that g is an entire function and therefore of exponential type. By (II), , which indicates that g has the unique zero β 0 . But it is obvious from (3.12) that g has infinitely many zeros.
Thus, G is normal at z 0 , and F is normal at z 0 as well. Furthermore, F is normal in D.
Hence, we complete the proof of the Theorem 1.1.
